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The purpose of this paper is to prove the following result. 
THEOREM 1. If u’ is a Bernoulli shift with Jinite entropy on a probability space 
(Y’, 9’, v’), and E > 0 then there exists a probability space (X, F, CL) containing 
(Y’, 9, v’) (in the sense that Y’ E 9, 9’ = S Iy, = {FE 9 : F C Y’}, V’ = ,.+,) 
such that /L(Y’) > 1 - E, and a non-Bernoulli K-automorphism 7 of (X, 9, p) 
such that 7y’ (the induced transformation of u’ on Y’) equals (J. 
The proof of this theorem depends on a slight generalization of Ornstein’s 
construction of a non-Bernoulli K-automorphism which appears in [4] and in a 
generalized form in [6], together with some results of Friedman on independent 
cutting and stacking of towers in [2]. The generalized construction consists in 
starting the construction in [6] with a tower T with columns of equal height in 
place of the trivial gadget e(l). This yields a process (Q, 7) which can be seen 
to be Kolmogorov and non-Bernoulli in the same way as in [4] or [6]. Then we 
consider the transformation u induced by 7 on a certain subtower T of T, 
together with the u-field 93 induced by VT=_, ?Q on T. We show that 
the automorphism u on the u-field 9 is obtained by independent cutting 
and stacking of the tower T. Thus if T is an M-tower in the terminology of [2], 
u is a Bernoulli shift on 9, by results in [2]. Finally we show that T can be chosen 
in such a way that u on 3 has any prescribed entropy. In view of Ornstein’s 
Isomorphism Theorem ([7, Theorem 8.101) this establishes the result. 
It is worth noticing that if we start our construction with a gadget c(l) in 
place of the tower T, then S will contain all the levels of G(1) and thus the 
induced transformation on c( 1) will have an exact stack and hence cannot be 
Bernoulli. 
Before going on to the proof of Theorem 1, I would like to mention the 
following different way of looking at the result. If Ei = {y E Y’ : my,..., Py $ IT’} 
then X is the disjoint union of Y’, T(E), G(E),.... Thus 7 may be regarded as u 
stopped by i time units on Ei - Ei+l. This is a generalization of Chacon’s 
concept of stopping a transformation on a single set (see [l]). In these terms 
Theorem 1 says, roughly, that any Bernoulli shift can be stopped on a sequence 
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of sets Ei , such that Zi(E,) is arbitrarily small, to obtain a non Bernoulli K- 
automorphism. 
Theorem 1 is taken from my thesis, which was written at the University of 
Toronto under the supervision of Professor M. A. Akcoglu, whom I would like 
to thank for many helpful conversations on the results in this paper. 
NOTATION AND DEFINITIONS 
To avoid nebulous phrases such as “7 on the u-field 9” we define an auto- 
morphism to be a quadruple (T, X, F’, CL) where (X, 9, CL) is a probability 
space and T is a l-l, bimeasurable, measure preserving transformation of 
(X, 9, CL). For YE 9, the induced transformation 7r is defined in the usual 
way and the induced automorphism is defined to be (or , Y, F Ir , pr). (pr 
denotes the measure (p)/(p( Y)) restricted to 9 1r .) Note that or is distinct 
from 7 Iy , the restriction of 7 to Y in the usual function theoretic sense. 
If P and Q are partitions of X, PC Q means each atom of P is a union of 
atoms of Q. If E is a set, E C P means E is a union of atoms of P. E G P means E 
is an atom of P. If Y is a subset of X, P Ir denotes the partition of Y whose 
atoms are the intersections of Y with the atoms of P. 
Our construction will use towers, for which the reader is referred to Friedman 
[2]. Our notation will agree with Friedman’s with the following exceptions and 
additions. We denote by P(T) the partition of a tower T into levels of columns, 
and by h(T) the height of the heighest column of T. If T is a tower and we cut 
each column C of T into k stacks Ci , 1 < i < k, of equal width such that 
B( CJ < B( C,+l) for i < k - 1, we define 
C,,,(T) = {Ci: C is a column of T}, 
C,(T) = G,,(T) + G,(T) + *-. + G,,(T), 
&c(T) = (a- (G,,(T) * G,,(T)) * *-- * G,,(W 
(The * and + operations are as defined in [2].) 
(R, @, m) denotes the real line with Bore1 sets and Lebesgue measure. Suppose 
that T is a tower such that m(T*) = 1 and n(k) and m(k) are two sequences of 
positive integers such that n(k) >, 2 for infinitely many k. Define inductively 
PI = T, yk = GM (pd, pk+l = &(k+lWn). Define T(T, n(k), m(k)) = 
lim, TV “1 .
1. THE CONSTRUCTION 
Let T be an M-tower (in the sense of [2]) such that m(T*) = 1 and let /Ii be 
the tower obtained by adding levels to the columns of T to bring them up to the 
height k(T). Assume that P(T) is indexed by some set fi. 
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Starting with the initial tower TI = T we shall now construct by induction a 
sequence of towers T, and T, . At the same time we shall construct a partition 
Q of unTn* by definingQ on each T,* and Tn*. The atoms of Q will be indexed 
by r = fi u (01, W, [} where the symbols 01, w, and 5 are assumed not to belong 
to fi. For y E r, QY will just be P(T), . Qor , Qw , and Qr will each be unions of 
certain sets added to TI* in the course of the construction. 
Let s(n) = 100n3. Let TI = T. Suppose that i’, has been constructed and Q 
is defined on T,*. T, is constructed as follows. Let Es = C,JT,). For each i, 
1 < i < n, let Ci, and Ci, be stacks of width W(TJn and heights i and 
n + 1 - i, respectively. Assume that the Ci, and Ci, are all disjoint from each 
other and from Tm*. Let 
and finally set 
T, = El’ + E,’ + . . . + En’. 
Q is defined on T, * - T,* by 
Qo, n CT,* - Tn”,*) = (J C$, . 
z 
Now suppose T, has been defined and Qn is defined on T,n*. We construct 
Tn+1 as follows. Let Ei = C,,+, , i( T,,). For each i, 1 ,< i ,( 2”+l + 1, let Ci be a 
stack of height is(n + 1) such that the Ci are disjoint from each other and from 
T, . Set 
T?l+1 = ((*-(((Cl * 5) * C,) * EJ * *** x Ezn+l) * C3n+l+l). 
Q is defined on T,,, - T,* by 
Q, n (T;+, - T,*) = u Cj . 
2 
The construction we have just given is just the construction given in [6, 
Section 31 with a, w, 1, and FI taking the places of e, f, s, and c(l), respectively. 
(Notice that TI has columns of equal height and hence may be regarded as a 
gadget.) The arguments in [6 Section 41 are thus available to show that 
m((J, T,*) < co. We let X = Un Tn*, 
p==m,,r=limr.3.,,,andFt v n +(Q)- 
i---a, 
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LEMMA A. (T, X, 9, p) is a K-automorphism. 
Proof. The proof in [4, p. 581 goes through unchanged. 
LEMMA B. (T, X, 3, p) is not a Bernoulli shif. 
Proof. The proof in [4] or [6] g oes through directly. Alternately, one can 
observe that if Q is the partition {Q , Qw , Q, u (Jvsp Q7}, then the process 
(8, T) is equivalent to one of the processes constructed in [6] (if the height of 
the gadget c(l) in [6] is chosen to be h(T)). Thus (T, X, 9, p) has a non- 
Bernoulli factor and hence is itself non-Bernoulli by [3]. 
2. THE INDUCED AUTOMORPHISM 
We now let Y = T* and let (u, Y, 9, V) be the automorphism induced by 
(7, X, 9, p) on Y. Note that v = m = Lebesgue measure, since m(T*) = 1. 
Let R, (respectively R,J denote the partition of X whose atoms are the atoms 
of P(T,J (resp. P(TJ) and X - T,* (resp. X - T,*). It is easy to see that 
i?,CR,C&. 
Since Y C i?, we have Y C ir, and Y C R, for all n; in other words each level 
of each column of T, (resp. r,) is contained in either Y or Yc. It follows that 
there are towers ?Pn (resp. TJ on Y such that 
the columns of Y, (resp. u,) are just the columns of T, (resp. T,) 
with the levels which are not contained in Y removed, (1) 
*yrl =Ul Yn*-FW,,Y,) (rev. ~~~ = 0 I~n8-F(~,))s (2) 
We denote by P, (resp. pa) the partition R, ly = P(YJ (resp. &lr = P(p,)). 
By the construction of T, and Ffli,,, it is easy to see that 
lu, = Cn(rp,>, 
(3) 
y,, = ~,?a+I(yI,). 
Equations (2) and (3) imply that 
u = T(T, 2”, K). (4) 
We now need to identify the u-field 9. This is done by the following lemma. 
LEMMA C. 3' = Vzsl Vz-m oil’, . 
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Proof. First we claim 
9= qRn. (5) 
11=1 
To see (5), first observe that if E E Vz=‘=, R, then for each E > 0 there 
is an E’ C P(T,) such that p(E a E’) < E and #(T,)) < E. This implies 
rn(~(E) A T(E’ - F(Z’,)) < 2~. Since 7(E’ - F(Z’,)) C R, and E is arbitrary, 
this gives T(E) E VEcl R, . Thus Vz=‘=, R, is T-invariant and since R, 3 Q we 
have Vz=, R, 1 VTs-, T”Q = 9. To see the opposite inclusion it suffices to 
show that each R, C VF=-, T~Q. By a simple induction argument one can show 
that B( TJ C V,r,“d Tk1 i 7 Q (cf. 
by induction that V~~~Tn)-l 
[5 Section 5, p. 731). Furthermore, it is immediate 
T~Q separates points in B(T,J which are in different 
columns of T, . These two facts easily imply R, C Vz-, T~Q. Thus we have (5). 
Equation (5) implies 
(6) 
(The next to the last equality above follows from the fact that Y C R,Vn.) We 
also claim 
which together with (6) gives Lemma 3. But (7) follows from the fact that 
Vzcl P, is u-invariant, which is proved in the same way in which we showed 
that Vzzl R, is T-invariant. 
By the results in [2], since T is an M-tower, (a, Y, V~-m u”P,, , V) is a Bernoulli 
shift for each 7t. Thus by [5] and Lemma A, (a, Y, Y, V) is a Bernoulli shift. 
Our next task is to show that we can achieve any prescribed finite entropy for 
this Bernoulli shift. 
LEMMA D. (4 W, ,4 = Wn , 0) + w(F,) log n. 
(b) J@n, 4 = W’n-1,~). 
Proof. By [2, Lemma 41 we have 
w, , 4 = -c WP( YJ 44 1% ($j), QCB( Y,) 
(8) 
and an analogous formula for h(P, , u). Conditions (a) and (b) follow from 
these by straightforward computations. 
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LEMMA E. Given n E Z+, h > 0, and E > 0, one can choose the M-tower T 
so that 
(a) h(T) 3 r, 
(b) m(T”) - m(T*) < E 
m(T*) ’ 
(c) h(u, G) = h. 
Proof. Since G = Vz==, Vzma ail’, we have 
h(o, G) = ;E h(P, ,u). (9) 
By Lemma D we have 
h(P, , u) = h(P,-, , u) + w(%) log n. (10) 
Notice that 
w(Y,) = w(T) 
p+n-2)/2 * (11) 
Equations (8), (9), and (10) imply 
h(u, G) = h(p, , 4 + w(T) 4 (12) 
where Z = Cf, 24n~+n-2)/2 log n < a* 
Choose T to be a tower such that m(T*) = 1 and T has n columns of width 
w and height Y, and n columns of width v and height r - 1. Assume 0 < v < w. 
Note that if v # 0, T is an M-tower. We have 
1 - nwr 1 




w(T) = nw + nv. 
For this T, (12) and (8) give 
h(a, 9) = -nw log 
W 
n(w + 4 
V - nv log 
n(w + 4 
+ n(w + v)Z. (13) 
If v = w, (13) becomes 
h(a, S) == & 
2 
1% 2n + zr _ 1 -Z = a(n, r). 
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If u = 0, (13) becomes 
h(a, 9) = (l/r) log n + (l/r) z = b(n, Y). 
Clearly we can choose Y large enough that 2;i and T satisfy conditions (a) and 
(b) of Lemma E. Fix such an r which also satisfies b( 1, r) < h. (Note that 
b(1, Y) + 0 as r + 03.) Note that b(n, Y) < a(n, r), b(n + 1, r) < a(n, r) and 
b(n, Y) -+ cry, as n + CO. It follows that we may choose n so that 
b(n, r) < h < a(n, r). 
Thus since h(a, 9) is a continuous function of v, there exists a v,, such that 
0 < v0 < w and h(~, 9) = h. 
Now we can complete the proof of Theorem 1. It is clear that as h(T) -+ co, 
p(T) + 1. Thus by Lemma E we can choose T to be an M-tower with h(T) 
so large that p(T*) = p(Y) > 1 - E and h(a, 9) = h(u), 9’). By Ornstein’s 
Isomorphism Theorem (see [7, Theorem &lo]), (a, Y, 9, V) is isomorphic to 
(u’, Y’, 9’, v’). Thus we have solved Problem 1 for an automorphism isomorphic 
to (u’, Y’, 9”, v’) and it is easy to see that the result also follows for (u’, Y’, 9’, v’). 
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